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Minimum Fuel Horizontal Flight Paths
in the Terminal Area

Eliezer Kreindler* and Frank Neumanf
NASA Ames Research Center, Moffett Field, California

The problem of constant altitude, minimum-fuel airplane trajectories from arbitrary initial states to a fixed
final state is considered. The fuel optimality of circular and straight-line flight paths is examined. Various types
of representative extremals are computed and used to evaluate trajectories generated by an on-line algorithm.
Attention is paid to the existence of Darboux points beyond which an extremal ceases to be globally optimal.
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Nomenclature
= constants in fuel flow rate
= drag
= constant of gravity
= Hamiltonian
= constants in drag formula (5)
= mass
= maximal value
= minimal value
= sign of ( • )
= time
= thrust

= velocity
= cruise velocity
= position coordinates
= multiplier for velocity constraint
=costate variable
= intermediate value of u, Eq. (23b)
= bank angle
= heading angle
= intermediate value of T, Eq. (20)

= final values
= maximum of absolute value
= constant values on straight-line flight
= partial derivatives with respect to u
= partial derivative with respect to T

Superscripts
( • ) = time derivative
* = optimal value

I. Introduction

THE literature on flight-path optimization is extensive. It
can be classified according to paths in the vertical plane,

the horizontal plane, and the three-dimensional space; it can
be further classified according to the type of aircraft and
mission, and the performance index. We consider minimum-
fuel, constant-altitude flight paths of a transport airplane in
the terminal area.
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Most of the papers on flight-path optimization in the
horizontal plane consider minimum time.1'7 In Refs. 1-3, the
velocity is constant; in Refs. 4-7, the velocity is a state
variable as in our case, but the assumptions, constraints, and
numerical results correspond to a supersonic fighter aircraft.
Thus, although there is contact with our results, there is no
overlap. References 8 and 9 consider minimum-fuel,
horizontal rocket turns, but since the mass is variable, the
results are quite different. An overview on flight-path op-
timization is given in Ref. 5*

Our objectives in investigating a minimum-fuel landing
problem were to gain insight into the characteristics of
minimum-fuel flight paths by analysis and computation, and
to use these results to improve the on-line, fuel-efficient
capture algorithm of Ref. 10. Details of the refined algorithm
(in the horizontal plane only) are reported in Ref. 11.

Following statements of the problem and the necessary
cpnditions in Sees. II and III, respectively, the optimality of
straight-line and circular flight-path elements, which the
algorithms of Refs. 10 and 11 use, is investigated in Sec. IV. It
is shown that a straight-line segment can occur only at the
beginning of a minimum-fuel flight path; this also revealed
how such paths can be computed. Circular paths are, in
general, not fuel-optimal. Computation of representative
extremals is discussed in Sec. V. The resulting extremal flight
paths can be grouped into three categories: 1) coasting ex-
tremals, decelerating with zero thrust throughout; 2) short-
range turning extremals, where the initial and final positions;
but not the headings, are relatively near (for example, 1-3
n.mi.); and 3) long-range extremals, characterized by a
possible initial turn, followed by a long (for example 5-15
n.mi.) almost straight arc and ending with a possible final
turn. Since the global optimality of some of these extremals
was suspect, they were checked against near-optimal flight
paths produced by the algorithm of Ref. 11. This comparison,
discussed in Sec. VI, established the existence and ap-
proximate location of Darboux points (beyond which the
extremal ceases to be globally optimal; see Ref. 12).

II. Problem Statement
The point-mass equations of motion in the horizontal plane

are:

x=vcos\//

v=(T-D)/m

(D

(2)

(3)

(4)
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'•where,* and y are the coordinates of the horizontal plane, $
the heading angle measured counterclockwise from the x axis,
v the velocity, g the gravitational constant, and m the mass.
The control variables are the thrust T and u, where u = tan<£
and <t> is the bank angle, positive with right wing down. The
drag D is given by

(5)

where kl and k2 are constants (i.e., they are assumed to be
independent of v for the low velocities in the terminal area).
These equations were used in Refs. 4-7 and are derived by
assuming zero wind velocity, constant mass, coordinated
turns, and a small angle of attack which is automatically
adjusted to maintain horizontal flight (see Appendix A).

Constraints and final states are:

\u(t)\*um (6)

(7)

(8)

\=k2ir, k=0,±l,...,v(tf)=vf (9)

The cost integral to be minimized is the fuel consumption

S tf
o , /=0,/,2

(10)

where if is free. The terms c0 and c2 T2 in the fuel flow rate are
often neglected in the literature. For the case considered here,
£0, the fuel flow rate at zero thrust, is not negligible. The term
c^r2 is small but significant: when c2 = 0, the optimal thrust is
discontinuous and its intermediate values are singular (see
Appendix B). By changing the units of c,, the cost integal J
can be interpreted as a combination of the cost of time and
fuel (the operating cost). The time-optimal problem, c0 = l,
Cj =c2 =0, has been treated in Refs. 1-7 and is not considered
here.

In summary, the problem is to determine controls u(t) and
T(t) and the corresponding state trajectory from an arbitrary
initial state at time f = 0 to the final state of Eq. (9) at a free
time t=tf, subject to Eqs. (1-8), in order to minimize fuel
consumption [ Eq. (10) ].

For our general analysis, we make the following two
assumptions, which are easily satisifed for our (and indeed for
most) numerical values.

Assumption 1: For the applicable range of velocities, the
thrust that equals drag is intermediate. This implies that the
two velocities for which Tmax -D are outside the applicable
range. It also implies that.rmin is less than the minimal drag
with respect to velocity, Z>min. In the general case, rmin can be
negative, and we make Assumption 2.

Assumption 2: Tmin is such that the fuel flow rate at
r=Tmin is positive and rmi?> -c,/(2c2). The first part
eliminates consideration of gliding flight paths with shut-off
engines; all such paths are fuel-optimal and trivially satisfy
the necessary conditions embodied in the minimum principle.
The significance of the second part is discussed in the next
section.

Numerical values used in this study correspond to a
150,000-lb jet transport at sea level at velocities not below 150
knots.

ymax= 250 knots,

Tmax = 30,000 Ib,

A:7=0.081b/knot2,

c0 = 0.808 Ibs-1 ,

1=180 knots

T • =01 mm u

m = ww =0.577

:2 = 2.127xl08lbknot2

cy = 1.507xlO-4s-1,

To get an idea of the percentage contributions of the terms c0t
Cj T, and c2T2 in Eq. (10) to the total fuel flow rate, assume a
flight along a straight line at a constant velocity of 250 knots
(at r=£>=8403 Ib). The contributions are then 38% for c0,
60% for CjT, and 2% for c^. Assumption 1 is easily
satisfied: we find that Tmax=D occurs at 83 knots and 607
knots, and that Dmin is 8250 Ib at 227 knots. Evidently,
Assumption 2 is also satisified.

III. Necessary Conditions
We employ the minimum principle. The Hamiltonian is:

(11)

where rj>0, y(v-vmSLX)=Q (Ref. 13). The costate variables
are given by

(12)

(13)

(14)

(15)

(16)

where Hx = dH/dx, etc. Since tf is not prescribed and Ht =0,
we have the necessary condition

, X0>0, X0 = const

X = —// =0=>X = const

\y = — Hy = 0=» \y = const

\ = -//^ = y(XA.sin^-X;;cos^)

Xy = - Hv = ~ \x cos\l/ - XySim/'

all te[0,tf]

If for some /,

(17)

(18)

then Eq. (17) and Assumption 2 require the vanishing of X0.
Since having all costates zero is not optimal, an extremal
where Eq. (18) occurs is not fuel-optimal. Henceforth, we
consider only extremals with X0>0, and we normalize the
costates by setting X0 = 1.

Minimization of H with respect to T yields the extremal
thrust

* min

if

if

if

rm i n<r<rm (19)

where

-(c,+\v/m)
2c, (20)
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We note that by Assumption 2, Eqs. (19) and (20) show at
once that

if (21)

Since the minimization of H yields 7"* uniquely, it can be
shown (see Ref. 13) that T* and \v are continuous at junction
times between the velocity-constrained and the unconstrained
arcs. Thus thrust is seen to be a continuous function of \v and
t. When c2 is small, the range of \v for intermediate thrust is
narrow; when c2 = 0, the intermediate thrust is singular. (In
some cases, not considered in this paper, c2 is negative; then,
intermediate thrust is not fuel-optimal.)

We observe that Eqs. (3) and (15) for \l/ and X^, respec-
tively, and the fact that \x and X^ are constant, imply

if on an interval (22)

This is true irrespective of the minimization of H with respect
to u. From the latter, we obtain, by using Hu - 0 and Hm > 0,

«* =

where

fji if I/* I <um and \v<0

wmsgri)Lt = wwsgnX^ if I/J >wm and Xy <0

(23a)

(23b)

If X y >0 and X^ does not vanish on an interval (denoted by
X^ 0), the minimization of H gives at once

if and (23c)

We note that \v cannot be positive while X^ vanishes on an
interval because minimization of H then implies w* = ±wm ,
which is incompatible with Eq. (22). However, if X^ vanishes
on an interval and \v crosses zero from negative to positive
values, say at t=t2, then u switches from u(t) =0, t<t2 to
w(//) = ±um, this is a transition from a straight-line flight
path to a curved one.

We also note that the simultaneous vanishing on an interval
of X^ and Xy is not fuel -optimal because it implies the
vanishing of X^ and Xy, which in turn implies \x = \y = 0, that
is, the nonoptimal case of Eq. (18).

In summary, we see that u, and hence the bank angle, are
continuous in time when \v is negative; u is discontinuous
when Xy is positive, or at the moment \v crosses zero to
become positive and X^ had been zero on the previous in-
terval. In view of Eq. (21), discontinuity of the bank angle
occurs at minimum thrust.

Lastly, we evaluate rj. When v(t) =t>max, the thrust is in-
termediate under Assumption 1. Then, by Eqs. (5) and (20),
T=D gives

This equation gives an expression for \v and, upon dif-
ferentiation, for Xy , which we substitute into Eq. (16) to
obtain

(24)

For a velocity-constrained arc to be optimal, rj(t)t given by
Eq. (24), must be nonnegative.

IV. Optimality of Straight-Line
and Circular Path Elements

Since the suboptimal algorithms of Ref s. 10 and 11 are
based on piecing together circular arcs and, at most, one
straight-line segment, we are interested in the optimality of
these path elements.

We first show that there can be at most one straight-line
segment in a fuel-optimal path and, if it occurs, it must do so
at the beginning of the path. A subsequent curved path, if
any, starts by a switch to maximum bank angle \<t> I = <j>m at
(continuous) minimum thrust T = Tmin; the bank angle's
magnitude and the thrust remain at <l>m and Tmin , respectively,
as long as \v remains positive.

To prove this proposition, we note that flight along a
straight-line segment on a subinterval [tj, t2] is characterized
by

\v(t)<0, on [tj,t2] (25)

We observe that for a straight-line path, the point (^ = ̂ 5,
X^ =0) is an equilibrium pointj for Eqs. (3) and (15) for $ and
X^, with v(t) as a continuous parameter. Hence the straight-
line segment can be entered at tj and exited at t2 by an optimal
control only if the control is discontinuous at tt and t2.
Therefore, as noted in the discussion following Eq. (24), it is
necessary that \v (t) cross zero at tj and t2 according to

and

(26)

(27)

(This causes u ( t ) to switch from u(tj ) = ±um to u(t) =0 on
[tj,t2] and back to u(t}) = ±um.) Thus, X y ( / ; ) =0, /=1,2;
by Eq. (21) this implies T(tf) = Tmin. Using

in Eq. (17) gives

/mm =-v(*i)

(28)

(29)

Equation (29) together with X^ (f ,) in Eq. (15) gives

\x= ""•Anfacos^ /==/^ (3Q)

and

x,=-- »(//)
where/min is the fuel flow rate at rmin

/min=^+07"min+^^

Using Eqs. (28-32) in Eq. (16) gives

•/min 1=1.2

(3D

(32)

(33)

Since by Assumption 2 /min is positive, Eq. (33) shows that
X,, ( t , ) >0, /= 1,2. This contradicts Eq. (26) but confirms Eq.
(27). Hence a curved flight path cannot precede but can follow

JAn equilibrium point of the differential equation x=f(x,t) is a
point xe that satisfies 0=f(xe,t). By uniqueness, a solution x ( t )
started outside (at) the equilibrium point cannot reach it (depart from
it) in finite time (see, e.g., Ref. 14, p, 276).
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a straight-line segment. On the curved path, at least initially,
\v(t) >0, t>t2. Hence, by Eq. (23c), \u(t) I =um, and by
Eq. (21), r= rmin. This completes the proof.

Next, we ask whether cruise at a constant velocity
v(t)=vc< vmax on a straight-line segment is fuel-optimal. For
the purpose of the inquiry, we temporarily lift the constraint
v(t) ^vmax. We find that a flight at constant velocity on a
straight-line segment of a flight path can be fuel-optimal only
if the entire flight path is straight, flown at a constant optimal
cruise velocity v* given by the solution of the equation

3c2k2
]v8

c + c]k1v6
c-(c0+2c2k1k2)v4

c-3c1k2v2-5c2k2 = 0
(34)

Equation (34) has one and only one real and positive solution.
Proof: For flight on a straight path at a constant velocity

vc9 the thrust is constant, T=Tc=D(vc), and, by Assump-
tion 1, is intermediate; hence, \v must be constant, XW = XI; ,
according to Eq. (20). The point ($ = ts> v = vct X^=6,
Xy = X y c ) is an equilibrium point for the respective set of
differential equations [Eqs. (3), (9), (15), and (16)], whence
follows the first part of the proposition. To derive Eq. (34),
we eliminate \x and X^, in Eq. (16) by using Eq. (17), and we
substitute the value of Xy = \v from Eq. (20). This yields

(35)2/v2)+c1](kjv2-k2/v2)}

Since Ay is a constant, the right side of Eq. (35) vanishes,
yielding Eq. (34). Let the right side of Eq. (35) be denoted by

(36)

For sufficiently small vc> f(vc)>0, and from Eq. (36),
d//dt>c<0 for all positive vc. Hence, f ( v c ) is monotonically
decreasing and has one and only one real and positive zero
vc = v*. This completes the proof .

The significance of the velocity v* is that when the entire
flight path is straight, v* is an upper bound on v ( t ) , te[Q,tf]
in the sense

// v(0)<v* and vf<v*c, then v(t)<v* (37)

and a lower bound in the sense

if v(0)>v* and vf>v*, then v(t)>v* (38)

Proof: Consider Eq. (37), and suppose that the velocity
rises to a maximum v ( t ' ) >t;*; there v ( t ' ) =0, and v(t')<Q
which we want to contradict. At t-1' we have

v ( t ' ) = [t-(dD/dv)v(t')]/m=f/m=-2c]\v(t')/m2

(39)

Since v ( t ' ) =0, Eq. (35) applies with v ( t ' ) replacing vc. For
v ( t ' ) =y*c, the left side of Eq. (35) vanishes. Since by Eq. (36)
the right side of Eq. (35) is decreasing, then, if v ( t ' ) >y*, we
have X y ( / ' ) < 0 . It follows from Eq. (39) that v(t')>Q,
which is a contradiction. This proves Eq. (37); Eq. (38) is
proved analogously. We note in passing that by linearizing the
equations for v and \v around the equilibrium point (v*,\v ),
this point can be shown to be a saddle point, which conforms
with Eqs. (37) and (38).

The case of Eq. (38) is of little interest for landing because
usually vf<v*. If y(0) and vf are on opposite sides of f*, then
v ( t ) can cross v*. Our numerical experience, described in the
next section, shows that v* acts as an upper bound on v ( t )
also for relatively long-range flight paths which are not
strictlv straight. Considering now the constraint v(t)<vmax

for the case of Eq. (37), it is clear that it will be inactive if
ymax > v* and is likely to be active if umax is much below v*

The optimal cruise velocity v*9 given by Eq. (34), is the
velocity that provides minimum fuel consumption per unit
distance along a straight flight path. One expects that v* will
be higher if c2 = 0 in the fuel consumption model of Eq. (10),
and will be lower if c0 = 0. For our numerical values,

f 349. 5 knots if c0*0, c2*0

v*=\ 359.0 knots if c0j*0, c2 = 0

1 298.8 knots if c0 = 0, c2 = 0

For comparison, the minimum drag velocity, which is the
minimum fuel per unit time velocity, is

y^ = ( k2 /kj ) * = 227 knots

Examination of the necessary conditions shows that a
circular flight path can be fuel-optimal only if both the bank
angle and the velocity are at their respective constraint
bounds. The proof is straightforward and is omitted.

V. Computation of Extremals
The extremals are computed by numerical integration of the

state and costate equations [Eqs. (1-5) and (12-16)] , with the
controls given by Eqs. (19) and (23) from a given state, and
with chosen initial values of the costate variables as
parameters. One can thus obtain families of extremals but
cannot meet specified end conditions.

In the computations, the state constraint i;<i>max = 250
knots was imposed only on some of the long-range flight
paths; however, no extremal was extended beyond 350 knots.
A state constraint v>vmln was not explicitly incorporated in
the necessary conditions; however, extremals where v(t)
dropped below 150 knots were rejected because the drag
model of Eq. (5) would not be valid below that velocity.

In the following figures, distances are in nautical miles,
velocities v in knots, thrust T in thousands of pounds, fuel
consumption / to the final point in pounds, and time in
seconds is from the integration's starting time /5 = 0. The
portions of the flight path with 7>0 are in bold curves. The
maximal and minimal values of thrust and velocity are among
the T's and v's shown. The arrows show the airplane's
direction of flight. The starting values of the costates at /5 = 0
are shown in the figures by

(In our computations we divided the Hamiltonian by c;. )
It is convenient to start integration backwards from the

known and fixed final state of Eq. (9). Computing \x from
the condition //=0 at the integration's starting time 75, the
extremals are determined by the parameters \y, \^(ts)y and
\ ( t s ) . Since the problem is time-invariant, we set ts =0. The
sign and relative magntiude of both X^ and \(tf) determine
the direction of turn; it can be shown that by changing the sign
of both, the flight path is reflected about the x axis (true if
integration is started at y = \l/ = Q). Such backward integration
produced coasting and short-range turning extremals, as those
shown in Figs. 1 and 2.

Figure 1 shows coasting flight paths, namely, decelerating
paths with zero thrust throughout. For extremals 1 and 2, the
bank angle switches between its bounds of ±30 deg because
X y (0 is positive throughout. This is typical of most, but not
all, coasting extremals; extremal 3 ends with a smooth
transition to a shallow bank angle, and extremal 4 starts with
a straight-line segment. Coasting externals may be significant
for emergency landing.

Figure 2 shows (by solid curves) partly thrusting extremal
paths whose backward computation was arbitrarily ter-
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Fig. 1 Coasting (zero-thrust) flight paths.

Fig. 2 Short-range turning flight paths.

minated at 200 knots. These paths represent short-range
turning approaches starting at 200 knots, such as after an
aborted landing. Typically, for a turn through a large angle,
as in paths 1 and 2, the velocity first drops to achieve a tighter
turn. This was noted in Ref. 6 for minimum-time turns, but is
less intuitively obvious in the minimum-fuel case because fuel
is later expended to accelerate. The broken curves, here and in
Fig. 4, will be commented on in the next section.

Backward integration from the final state did not produce
long-range flight paths. Such paths require a sustained in-
termediate thrust which is dictated by a narrow range of \v
[from Eq. (20) it follows at .once that T>rmin=0 if
Xy/c ;w> -1.0, and by computation, T<rmax if \v/Cjm<
-1.215], resulting in extreme sensitivity to the choice of
\v(ts). Therefore, long-range extremals, and other types of
extremals with special conditions at intermediate points, were
produced by forward and backward integration from an
appropriate intermediate state. For convenience, integration
was started at x ( t s ) =y(ts) =t(ts) =0, /5 = 0, with an ap-
propriate v(ts). The resulting flight path can then be shifted
and rotated to satisfy the final condition of Eq. (9).

Integration of long-range extremals without the velocity
constraint JEq. (8)] was started at a velocity below the op-
timal cruise veloicy v* = 349.5, with \v such that T=D. The
parameters are then v(ts), \y and \^(ts)t ts = Q. The velocity
profiles of such paths are shown in Fig. 3. Since v ( t s ) =0,

Fig. 3 Velocity profiles for long-range flight paths without a velocity
constraint.

Fig. 4 Long-range flight paths.

v ( t s ) is the maximal velocity. Curves 1-3 correspond to
straight-line flight paths. Curves 4 and 5 correspond to paths
with initial and final turns as indicated. For /<0, curves 3, 4,
and 5 are indistinguishable. On curve 4, we note the dip in
velocity at the large final turn to v ( t f ) = 250 knots. On curve 5
the velocity decreases faster than on curve 3 because of the
added drag due to maximum bank angle.

Extremals with a velocity-constrained arc were computed
by starting on the arc at v ( t s ) = i>max = 250 knots. The costate
\v(ts) is determined by the requirement that thrust equal
drag. The remaining parameters are \y, \(ts)f and two
parameters to control the departures from the velocity-
constrained arc according to preset times or according to the
multiplier i y ( / ) > 0 computed by Eq. (24). We considered
extremals with only one constrained arc of the long-range
type.

Figure 4 shows long-range flight paths, which typically
consist of a possible initial turn, a long, almost straight arc,
and a possible final turn. Path 1 is a velocity-constrained
extremal, path 2 is unconstrained, and both were computed
from the point indicated by Y = 0. For convenience of
presentation, neither path is particularly long. In both cases
the almost straight arc can be made as long as desired: in the
constrained case by selecting \y and X^(0) sufficiently small,
and in the unconstrained case by selecting, in addition, v(Q)
sufficiently close to the optimal cruise velocity v*.

Integration from an intermediate state, rather than from an
end state, is mandatory also for the type of extremal discussed
in Sec. IV: a straight-line segment followed by a switch to a
maximal bank angle turn. This extremal requires the
satisfaction of Eq. (33) at the switch time /2. Since t(t)t u ( t ) ,
X^(0, and \y are zero on the straight-line segment, the
remaining parameters are v ( t s ) and X y ( / 5 )<0 . For our
numerical values and range of velocity, these extremals (such
as flight path 4 in Fig. 1 whose integration started at the point
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a)

———— EXTREMAL PATH
_.—— NEAR-OPTIMAL PATH

END
POINT

1
2
3

FUEL CONSUMPTION

EXTREMAL

300
434
513

NEAR-
OPTIMAL

317
277
278

f - FUEL CONSUMPTION OF EXTREMAL PATH
f - FUEL CONSUMPTION OF NEAR-OPTIMAL PATH

b)
Fig. 5 Comparison of extremal and near-optimal flight paths: a)
long-range paths; b) short-range turning paths.

indicated by y = 300 knots) are all coasting extremals with
maximal bank angle throughout the turn.

The accuracy of the computed extremals was checked by
decreasing the integration step and by observing the accuracy
of the condition H- 0.

VI. Optimal and Near-Optimal Solutions
We now compare the fuel consumption of flight paths

produced by extremals with that of near-optimal paths. We
thus test the quality of the near-optimal paths as well as the
global optimality of the extremals.

The near-optimal algorithm of Ref. 10 generates a flyable
state trajectory between any two end states; it is sufficiently
fast to be operated onboard and in real time. The algorithm,
based on the results in Ref. 1, generates the shortest flyable
path consisting of circular paths joined by, at most, one
straight-line segment. In Ref. 11, the algorithm is further
refined in light of the results of this study; in particular, the
curved path is created by a succession of 30-deg circular arcs
of varying radii. In view of the results of Sec. Ill, it is clear
that such a synthesized flight path cannot be fuel-optimal.
However, it is evident from Fig. 4 that such paths can closely

approximate the optimal ones for the most common and
important type of path, the long-range path. The details of the
algorithm as well as numerous comparisons are reported in
Ref. 11. For example, for 28 long-range paths of about 20
miles, without a velocity constraint, the worst approximation
was 2:95% off the minimum fuel consumption, the best
0.5%, and the average 1.52% (Ref. 11).

The extremals exhibited in Sec. V satisfy only necessary
conditions for optimality. Are they optimal? We have no
proof, but fuel optimality can be argued for at least the
coasting extremals, which are also minimum-time coasting
extremals. Consider flight paths 1 and 2 in Fig. 1. Along these
the magnitude of the bank angle, and hence the drag, are
maximal at all times. Therefore, any other coasting flight
path with x(t})=y(t})=\l/(t})=Q9 */<*/» must have
v(tj) >vf= 180 knots. The fuel optimality of paths 3 and 4
can be supported by similar, albeit somewhat weaker,
arguments.

The situation is far less clear for the thrusting extremals.
These, as the integration continued, often started twisting and
looping in a manner which appears increasingly nonoptimal,
as shown by the broken curves of Figs. 2 and 4. Such behavior
of extremals is likely to have been observed previously; there
is an allusion to loss of global optimality in Ref. 7. In general,
as an extremal is extended by integration from some starting
point, a time tD may be reached beyond which the etremal
ceases to be globally optimal; tD is called a Darboux point
with respect to the starting point.12

The existence of Darboux points on the extremals of Figs. 2
and 4 is demonstrated in Fig. 5 by comparison of fuel con-
sumption with near-optimal paths. Figure 5a shows path 1 of
Fig. 4 which, as the forward integration is extended, has in the
final turn three points with v= 180 knots. The comparison
confirms the nonoptimality of end points 2 and 3; the Dar-
boux point appears to be about midway between points 1 and
2. We note that path 2 of Fig. 4 also has two possible end
points with v = 180 knots. In this case, however, the extremal
path to the second end point is deemed to be optimal. Figure
5b shows the fuel consumption to the final point x=y = Q of a
turning extremal path and of near-optimal paths, for several
points along the extremal; three such near-optimal paths are
shown/Evidently, for points beyond i; = 320 knots or so, the
near-optimal paths use less fuel. Although we do not have the
exact location of the Darboux point, we are confident that if
theextremal is terminated at, say, 250 knots, it is optimal.

Thus, although one cannot use the near-optimal paths to
prove optimality, one can get a rough idea of the location of
the Darboux point, particularly for the long-range paths
where the near-optimal approximation is very good. Of
course, portions of nonoptimal extremals may be optimal; for
example, the coasting portions of the extremals in Fig. 2 are
likely to be optimal.

VII. Summary and Concluding Remarks
The characteristics of minimum-fuel, horizontal flight

paths in the terminal area were investigated analytically and
computationally. Analysis of the necessary conditions showed
the following.

1) Thrust is continuous, but the bank angle may be
switching for certain values of the velocity and heading
costatesXy andX^.

2) A straight-line segment may be fuel-optimal only if it is
at the beginning of the flight path; a subsequent curved path,
if any, must start by a switch to maximum bank angle while
the thrust is at minimum value.

3) The optimal cruise velocity acts as an upper bound on
the velocity for straight (of almost straight) minimum-fuel
flight paths.

4) A circular flight path may be fuel-optimal only if both
the bank angle and the velocity are at their respective con-
straint bounds.



496 E. KREINDLER AND F. NEUMAN J. GUIDANCE

The computation of extremals produced many represen-
tative minimum-fuel flight paths that can be categorized as
long-range paths, short-range turning paths, and coasting
(zero-thrust) paths. We found that:

1) Extreme sensitivity to the velocity costate for long-range
paths could be overcome by starting integration at an ap-
propriate intermediate state, rather than an end state.

2) Long-range paths with a large initial turn (over 100 deg)
start by deceleration followed by an acceleration in the
remainder of the turn.

3) Long-range paths with a final turn up to 140 deg end
with zero thrust and turn with maximum bank-angle
magnitude. However, if the final turn is large, and in par-
ticular if in addition to the final velocity v(tf) is higher than
180 knots, the turn is executed by decelerating below v(/y)
and a final acceleration at maximum bank-angle magnitude.
It is shown in Ref. 11 how these findings made possible the
refinement of an existing on-line algorithm of Ref. 10 to the
point where the fuel consumption of long-range, near-optimal
paths is well within 1 -3 % that of optimal paths.

The near-optimal algorithm was very helpful also in
alleviating the problem of finding the Darboux points. We
found that:

1) Turning extremals that require thrust toward the end of
the path, produced by backward integration from v(tf) = 180
knots, inevitably became nonoptimal at some point beyond
v = 250 knots.

2) Turning but coasting extremals, on the other hand,
appear to be optimal no matter how long they were extended
(backwards from a final velocity of v (tf) = 180 knots).

3) Optimality of long-range extremals may be lost if in-
tegration is extended so that the initial or final turns are much
larger than 180 deg.

Evaluation of the optimality of extremals by a near-optimal
algorithm proved to be a practical solution to the Darboux
point question for flight-path problems. The general problem,
however, is unresolved, for there is no test for Darboux
points. Could a test for conjugate points (beyond which an
extremal ceases to be locally optimal) be helpful? The answer
appers to be negative; certainly so for a special two-
dimensional case of the present problem, a line capture at
constant velocity, which we examined in detail in Ref. 15. The
question of global optimality, highlighted here by com-
putation of extremals, is inherent (though perhaps less visible)
in other optimization techniques. The problem of Darboux
points remains a challenge for future research.

The work reported here is, of course, but one element in the
development of a practical, fuel-efficient, and safe system for
terminal operation. In particular, an extension to include the
third dimension—altitude—is being studied.

Appendix A—Equations of Motion
The lateral, longitudinal, and vertical force equations are,

respectively,

mv\t/= —

mv= Tcosa — D

, mg = (L + Tsina) cos</>

(Al)

(A2)

(A3)

For small angle-of-attack a, Eqs. (3) and (4) result, where

Lift and drag are given by L = CL aqS, D=CDoqS+eLct9
where e is the efficiency factor and q = (l/2)pv2 is the dynamic
pressure, S the wing area, and the coefficients CLa arid CD()
are assumed to be independent of the velocity. Now"

eLa = eL2/CL qS) e[mg/cos<t> - Tsinot] 2I (CL^ qS)

Neglecting Tsina, D is of the form of Eq. (5), with
k} = (\/2)CDf)PS, k2=2em2g2/(CL(xpS). Using the values

CDO =0.015, CL =0.08/deg, e = 0.004/deg, x ,.
Ib/ft2/knot2, 5=1560 ft2, mg= 150,000 Ib, gives the values
of kj and k2 in Sec. II.

Appendix B—Singular Case
When in Eq. (10) c2 = 0, the thrust is a singular control.

Here we derive the singular thrust and examine its optimality
for various ranges of bank angle and velocity.

The Hamiltonian is now linear in 7, with the term
multiplying T given by

HT = c1+\/m (Bl)

Minimization of H with respect to Tgives

if HT<0
Tmin if HT>0

the thrust can be intermediate only in the singular case

HT = 0 on a subinterval of [0,tf]. (B2)

In this Appendix, we are concerned only with the case, Eq.
(B2); therefore, ^

X y=-c,m (B3)

Since in this Appendix \v is negative, minimization of H
with respect to u yields

gv\^/(2cjk2) if .\gv\+/(2clk2)\<um (B4)
if \gv\f (2Clk2)\>um (B5)

*/* =

The singular case, Eq. (B2), implies the vanishing of all time
derivatives of HT. Let the first time derivative of HT in which
T appears explicitly be the 2^rth (it is always even) where q is
the order of the singular arc. The generalized Legendre-
Clebsch necessary condition requires16 that

(-7K[//f2*>] r>0 (B6)

Consider first the case \u\ <um. Using Eqs. (16), (B3), and
(B4) in HT = 0 = Xy, we compute HT to be

HT = — g (\xsin\l/ — X^cos^) u/mv

-2c](kIv4+3k2)(T-D)/m2v4

First, we note that

(HT)T=-2cI(k1v4+3k2)/m2v4<0

so that the generalized Legendre-Clebsch necessary condition
of Eq. (B5) is satisfied. Second, setting HT = Q yields the
intermediate, singular thrust

T=D- mgv(\xsin\l/-\ cos\l/)u
2c1(k1v2+3k2/v2)

Adding the condition H= 0 to HT = HT = 0, we obtain

(B7)

and hence, using Eq. (B4),

(B8)

Using Eq. (B4), we find that the velocities for which \u\ <u



SEPT.-OCT. 1982 TERMINAL AREA MINIMUM FUEL HORIZONTAL FLIGHT PATHS 497

are outside the range [ vlt v2 ], where Vj and v2 are the real and
positive roots of

k]v4-c0v2/c]+k2(u2
m-3)=0 (B9)

(Of course, real and positive i>7 or v2, or both vl and v2, may
not exist; in particular, if u2

m >3 and(c0/c; )2 <4kjk2 ( u2
m -

3), then \u\<um for ally.)
We observe that for a straight-line flight, setting « = 0 in

Eq. (B7) gives T=D, which implies v(t) =vc = const. Setting
u - 0 in Eq. (B8), we obtain the optimal cruise velocity v*

(BIO)

We now consider the case \u\ = um, which occurs when the
velocity enters the range [v]9v2].. Proceeding as in the
previous case for I u I < um , we obtain

(HT)T=-3(c1D-c0)/(mv)2

T=D_
3(c]D-c0)

(Bll)

.

and

We observe from Eq. (Bll) that the generalized Legendre-
Clebsch condition of Eq. (B5) is satisfied as long as

or

kIV4-C0V2/CI+k](J + U2
n (B13)

The left side of Eq. (B13) has no real zeros, and hence Eq. (19)
holds if

C2
0/(2c})2<k]k2(l + u2

n) (B14)

If Eq. (B14) is violated (as when c0 is increased to create a
combined time and fuel cost functional), then there exists a
range of velocities [v'j,v2], where v'j and v2 are the real and
positive zeros of the left side of Eq. (B13), for which the
singular thrust of Eq. (B12) is nonoptimal. We observe that
[v'},v2] C[Vj,v2], and, therefore, the generalized Legendre-
Clebsch condition is satisfied whenever v is such that
\u\<um.

We note that letting « = ww, Tin Eq. (B7) is different from
that in Eq. (B12) (the author is indebted to Dr. H. Erzberger
for this observation). This shows that the intermediate thrust
is discontinuous at a time t]y say, when the bank angle
saturates. This is because HT contains u which is discon-
tinuous at tj and so must be T ( t } ) in order to satisfy //r = 0.

We summarize this appendix as follows. For intermediate
bank angle, the intermediate singular thrust is given by Eq.
(B7) and it satisfies the generalized Legendre-Clebsch con-
dition. The bank angle is given (except for sign) by Eq. (B8)
and the velocity is outside the range [vjfv2]9 with v} and v2
being the real and positive roots of Eq. (B9). On a straight-
line flight, the singular thrust is constant and the constant
velocity is the optimal cruise velocity v* given by Eq. (BIO).

When the velocity enters the range ^[vl9v2\ the bank
angle saturates \u\ =um and the intermediate singular thrust,
now given by Eq. (B12), undergoes a jump. The singular
thrust satisfies the generalized Legendre-Clebsch condition if
Eq. (B14) holds; if Eq. (B14) does not hold, there exists a
range of velocities [vf

]tv2 ] C [vlfv2 ], where Vj and v2 are the
zeros of the left side of Eq. (B13), such that intermediate
thrust is nonoptimal.
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